We address a prediction problem that frequently occurs in practice. We wish to predict the value of a function on the basis of discrete observational dat a that are incomplete in two senses. Only certain arguments of the function ar e observed, and the function value is observed only for certain combinations of values of these arguments. We solve the problem under a monotonicity condition that is natural in many applications, and we discuss applications t o tax auditing, medicine, and real estate valuation. In particular, we display a special class of problems for which the best mono tone prediction can be found in polynomial time.
Introduction
The problem of establishing cause-e ect relationship based on incomplete observations was studied in 4]. In this paper we address the problem of nding a good approximation of an unknown discrete function on the basis of a set of observations, which is incomplete in two senses. We observe the values of only GSIA Working Paper 1991-12. The rst and second authors gratefully acknowledge the partial support of NSF (Grant DMS 89-06870) and AFOSR (Grants 89-0512 and 90-0008), and the thir d author that of AFOSR (Grant 87-0292).
some of the arguments of the function, and we observe the function value only for certain combinations of values of these arguments. Our goal is to predic t the value of the function for any combination of values for these arguments. Such problems occur frequently, and we begin with some examples.
Suppose that a tax bureau must decide which tax forms to audit, with the goa l of auditing only those for which the increased return justi es the auditing expense. The observation set consists of data records corresponding to forms audited in the past. Each record indicates whether the audit was justi ed and lists some attributes of the taxpayer. The problem is to determine, on the basis of these attributes, when future tax forms should be audited.
A taxpayer's attributes form a vector x of boolean (0-1) variables, where each x j indicates whether a certain threshold is exceeded. For example, one x j may have the value 1 when the taxpayer claims too many dependents for a person of his age, and another may have the value 1 when he claims too many charitable contributions relative to his income.
The observation set partially de nes a function g whose value is 1 when auditing was justi ed and 0 otherwise. Whether an audit was justi ed depends not only on the recorded attributes used to make the auditing decision, but on a number of hidden factors as well. The arguments of g therefore consist of a vector x of the recorded attributes and a vector y of hidden attributes. So, each data record can be written in the form (x; g(x; y)). In practice the function g is only partially de ned because its value g(x; y) is not given for every possible vector (x; y) of attributes. We cannot even assume there is an observation for every possible x.
Our problem is to predict the value of g(x; y) on the basis of x alone. T o do this we derive an approximation f of g that is a function of x only. Deriving f requires in part that we interpolate a value when x has not been observed. But even when x has been observed, we may need to reconcile di erent observed values of g(x; y) for di erent y's.
We will focus on problems in which f is monotone, in the sense that f(x) 6 > f(x 0 ) whenever x x 0 , where < is a partial order on the outcomes and a partial order on the x's. In the tax auditing example, the two outcomes are linearly ordered (0 < 1), and is de ned by x x 0 whenever x j x 0 j for all j. Monotonicity is a reasonable assumption for this problem, because every 1 among the attributes is another reason for suspecting that the form should be audited. If one for m with certain suspicious traits should be audited, then another form with thes e and still other suspicious traits should certainly be audited.
We will also generalize our approach to problems in which more than two outcomes are possible, where these outcomes are partially ordered. The tax auditor, for example, might classify forms as needing no audit, needing a second look to determine the desirability of an audit, and needing an audit right away. These outcomes happen to be linearly ordered in a natural way (i n the order listed), and it is reasonable to assume that f is monotone.
The attributes as well as the outcome can have more than two values. Suppose for example we have a battery of 45 biochemical tests for carcinogenicity, each of which can have outcomes negative, inde nite, and positive 1 . We do not apply every test to a given chemical; when a test is not applied, we say that the test \result" is no data. The 45 tes t results are viewed as attributes of the chemical tested. Since the tests are not foolproof, we rst apply them to a number of chemicals that have been previously tested clinically for carcinogenicity, with possible outcomes harmless, undetermined (indicating inconclusive clinical experience), potentially dangerous (meaning that the chemical causes cancer when ingested in very large doses), and dangerous. The problem is to nd a function f that predicts the outcome of clinical trials for a new chemical.
To check for monotonicity we must impose a partial ordering on the attribute vectors and on the outcomes. The four possible values of each attribute x j submit to a partial order: negative is less than inde nite and no data, which are less than positive; but inde nite and no data are incomparable. We can therefore say that x x 0 whe n x j x 0 j for all j. The four outcomes have a similar partial ordering: harmless is less than potentially dangerous and undetermined, both of which are less than dangerous; but we may be unable to order potentially dangerous and undetermined with respect to each other. It is reasonable to assume that f is monotone with respect to these orderings.
Whenever f incorrectly predicts the outcome for a given observation, a penalty is incurred, where the size of the penalty depends on the correct and predicted outcomes. For us, the best approximation f is one that minimizes the total penalty. In 2] we investigate the issue of de ning \best approximation" from a statistical point of view and distinguish the analysis described here from logit and categorical data analysis.
If there is no restriction on f, nding the best approximation is relatively easy, since we can treat each x separately. That is, for any xed x, f(x) should have the value that minimizes the sum of the penalties over observations of the form (x; y). If x occurs in no observations, f(x) can be set to an arbitrary value. But if f is require d to be monotone (or to have some other restrictive property), the problem cannot in general be decomposed this way, and the observed values of f(x) for unobserved x are in general restricted. In 2] we consider some other possible restrictions on f (when it is a boolean function). More examples for similar problems can be found in 3, 14, 15] .
In this paper we show that a network ow model can be used to determine the best approximation f when the partial ordering of the outcomes is an interval order. An interval order is one in which when every element can be associated with an interval of real numbers, such that if and only if the upper end of the interval associated with is less than or equal to the lower end of that associated with . A special case of an interval order is one that is layered, in the sense that the elements are partitioned into a sequence of sets S 1 ; : : :; S m , such that all th e elements in each S i are incomparable, but everything in S i is less than or equal to everything in S i+1 . The outcomes of the clinical trials for carcinogenicity have this sort of ordering. A linear order, as in the tax auditing problem, is of course an interval order.
Another instance that might call for an interval ordering is estimating the value of a piece of property. Suppose we suspect that certain combinations o f property attributes justify assessing the value to be within certain ranges. The ranges may overlap, but the outcomes nonetheless have an interval order. If higher ranked attribute values are more desirable, it may be reasonable to assume monotonicity.
We begin in the next section with a precise statement of the problem and a small example. In Section 3 we show that nding the best monotone approximation is equivalent to a generalization of the \maximal closure" problem on a directed graph 11]. When there are two ordered outcomes, the generalization coincides with the maximal closure problem. In Section 4 we show that the generalized maximal closure problem can be reduced to the maximal closure problem when the outcomes have an interval order. Since the maximal closure problem can be solved with a minimum cut computation, we can solve the best approximation problem likewise. The complexity of our algorithm is O(n values of x so as to minimize the total penalty,
For an unobserved value x 0 , we can let f(x 0 ) take any value for which f(x 0 ) 6 > f(x) for all observed vales x satisfying x 0 x, and for which f(x) 6 > f(x 0 ) for all observed values x satisfying x x 0 . We will use the following as a running example through the rest of the paper. Suppose we wish to determine the carcinogenicity of chemicals on the basis of only two tests. We have clinical data for ve chemicals (Table 1 ). N; D; I, and P respectively denote the possible test results (negative, no data, inde nite, and positive), and h; u; p, and d denote the four possible outcomes (harmless, To de ne the penalty for error, let us rank the outcomes: h has rank 1, u and p have rank 2, and d has rank 3. Then we might say that the penalty for an error is one more than the distance between the ranks of the predicted and observed outcome when they are di erent, and zero otherwise. For instance, predicting a potentially dangerous (p) chemical to be harmles s (h) brings penalty 2, and predicting it to be undetermined (u) brings penalty 1. The total penalty P c (x; ) for predicting that chemicals described by x have clinical outcome appears in the middle of the table. For instance, the penalty for predicting that chemicals with test results (N; N) are dangerous is 8, because they were observed to b e harmless on 2 occasions and to have undetermined e ect on 1 occasion.
If there are no restrictions on the approximating function f, the best approximation is clearly the function f 0 shown in the table. We set f 0 (N; N) = h, for instance, since predicting h results in the least penalty (2). In general, f 0 is de ned by the equation (x; f 0 (x)) = max 2V c f0(x); (x; ) for x 2 X. But in this example f 0 is not monotone, since f 0 (I; N) > f 0 (I; U) even thoug h (I; N) (I; U). Our task is to nd the best monotone approximation. closure o f f3g is f3; 4; 5g.
J.-C. Picard 12] introduced the problem of nding a maximal closure in a given directed graph, and he showed that the maximal closure can be found as the source side of a minimum cut in an associated network. This problem has many interesting applications, e.g. 1, 7, 8, 9, 10, 12, 13, 16] .
In this section we introduce a generalization of this problem, which is shown to be equivalent with the problem of V -monotone approximation, and which is reducible in certain cases to the problem of maximal closures.
Let us consider a partially ordered nite set (V; <), and let k denote that and are incomparable elements of V .
A collection C = fC j 2 V g of subsets of G will be called a V -chain if 
For example, suppose we let V = fh; u; p; dg as in Table 1 . One possible Vchain in the graph of Figure 1 is illustrated by circles; that is, C h = f1; 2; 3; 4; 5g, C u = f2; 3; 5g, C p = f4; 5g, and C d = f5g.
Note that the sets C of this V-chain are determined by an approximating function, namely the function f 1 displayed in Table 1 . C d is the set of nodes classi ed dangerous (d) by f 1 , C p the set of nodes classi ed dangerous or potentially dangerous (d or p), C u the set of nodes classi ed dangerous or undetermined (d or u), and C h the set of all nodes. We show that any V-chain is determined by some approximating function.
Lemma 1 If C = fC j 2 V g is a V -chain of G, then for every x 2 N there is a unique element f C (x) 2 V such that x 2 C i
Proof. For any x 2 N let V (x) = f jx 2 C g. With this notation, the lemma states that V (x) has a unique maximal element . The condition (2) implies that V (x) 6 = ; for every x 2 N. Let us assume now that there is an x 2 N for which V (x) has at least two di erent maximal elements, say and . Obviously, then k , and thus by (4), there must be an element of V with 2 V (x), and . This contradicts to the maximality of and in V (x), and this contradiction proves the lemma. We shall show below that the problem of monotone approximation is equivalent to a maximal V -chain problem in an associated graph.
Given an instance of the monotone approximation problem, let G = (N; A) be an associated directed graph, where N = X, and A is formed by the arcs (x; y) for which x y and there is no other point z 2 X with x z y. (G represents the Hasse diagram of the partially ordered set (X; ).) We formed the graph in Figure 1 associated with the problem of Table 1 in this manner.
Note that the function f 1 that de nes the V-chain depicted in Figure 1 is monotone. In fact we have the following result.
Theorem 2 Let G be the directed graph associated with a given instance of the monoton e approximation problem. Then there is a one-to-one correspondence between the monotone functions f : X 7 ! V and the V -chains of G. Proof. Let us assume rst that f : X 7 ! V is a V -monotone function. For 2 V let C = fxjf(x) g; (7) and let C f = fC j 2 V g. We shall show that C f is a V -chain. Condition (2) follows by the fact that f(x) is de ned for every x 2 X. Conditions (3) and (4) are direct consequences of the de nition of the sets C for 2 V . Finally, condition (5) will be implied by the monotonicity of f, as follows. Let (x; y) 2 A be an arbitrary arc with x 2 C . We must show that either y 2 C or y 2 C for some k . The monotonicity of f implies that f(x) 6 > f(y);
and f(x) (9) follows by the de nition of C . Now, condition (8) We shall show that fxjf C (x) g C for every 2 V . For this, let rst x 2 C . Then f C (x) follows by the de nition of f C . On the other hand, if x 6 2 C , then by condition (3) x 6 2 C whenever . Therefore f C (x) 6 . 2 We now know that nding a V-chain is equivalent to nding a monotone approximation f, but to equate the maximal V-chain problem to the monotone approximation problem, we must relate the weight of a V-chain to the penalty associated with an approximation. This is done in the example of Table 1 as follows. The weight w xh contributed to a V-chain by each x lying in C h but in no smaller C is the negation of the penalty that results from predicting chemicals with attributes x to be harmless. The total weight w xh + w xu contributed by each x in C u n C d is the negation of the penalty for predicting chemicals with attributes x to be undetermined, and similarly for w xh + w xp . The total weight w xh + w xu + w xp + w xd contributed by each x in C d i s the negation of the the penalty for predicting x to be dangerous. The resulting weights w x for each outcome appear on the right side of Table 1 . Suppose, for instance, that the predictions are given b y f 1 . The penalty incurred for each x is shown in boldface in the middle of the table. The penalty for each x is the same as the negated sum of the boldface weights that appear at the end of that row. It is clear that ndin g a maximal weight V-chain over these weights is equivalent to nding predictions that minimize the penalty.
Theorem 3 Given an instance of the monotone approximation problem, the following equations have, for every x 2 X, a unique solution in variables w x; , 2 V .
X w x; = ? X 2V c ; (x; ) nV (10) Let furthermore f : X 7 ! V be an arbitrary function, and let C f = fC j 2 V g be de ned by (7). Then
where (w x; ; 2 V ) is the unique solution of (10) Here the second line comes from the rst one by a simple rearrangement, the third line comes by (7), and to get the fourth equation we applied (10) . For the last equation we simply applied (1) .
2
Corollary 4 For a given instance of monotone approximation, let w = (w x; jx 2 X; 2 V ) be determined by (10) . Then nding the best V -monotone t is equivalent to nding the maximal V -chain of the associated graph.
Maximal V -Chains via Maximal Closures
Let us consider in this section interval orders (V; <). It is easy to see that such an order satis es the following condition:
There is an indexing V = f 0 ; 1 ; :::; v g of (V; <) such that (13) for every 2 V , f 2 V j < g f i ji < i ? g for some index i ? .
In this section we show that, in case of partially ordered sets (V; <) satisfying condition (13), a maximal V -chain can be determined by computing a maximal closure in an associated graph.
Let G = (N; A) be a given directed graph, let (V; <) be a nite partially ordered set, as in the previous section, and let w x; be given reals for x 2 N and 2 V . It follows immediately from (13) that for any V -chain C = fC j 2 V g, and for any index i,
In the example we can let fv 0 ; v 1 ; v 2 ; v 3 g = fh; u; p; dg, so that for the V-chain illustrated in Figure 1 we have i ? = 2; 2; 4 for i = 2; 3; 4. Let k C (x) be de ned 
This system of equations is clearly nonsingular and has determinant equal to 1, so that it not only has a unique solution b w, but b w must also be integral whenever w is integral. The weights w xi for our example also appear in A only if i?1 < i . This implies i ? = i by (13) , and thus v j=i C j is a closure of G follows by (14) and (5) . Now x i 2 b C C implies, by de nition that x 2 C j for some j i, i.e. that x 2 v j=i C j .
From (x i ; y i ) 2 b
A it follows also that (x; y) 2 A, therefore y 2 v j=i C j , and Table 1 . Thus f 1 is a best approximation to the data.
We conclude by indicating in Table 2 the possible values of f 1 (x) for both observed and unobserved values of x. The observed values are in boldface. Note, for instance, that f 1 (N; U) cannot be d, since (N; U) (I; U) and f 1 (IU) = u, and d > u. In this example the value of f 1 (x) i s completely determined for only one unobserved x, namely x = PP. 
